An interesting observation was reported by Corrigan-Sasaki that all the frequencies of small oscillations around equilibrium are "quantised" for Calogero and Sutherland (C-S) systems, typical integrable multi-particle dynamics. We present an analytic proof by applying recent results of Loris-Sasaki. Explicit forms of 'classical' and quantum eigenfunctions are presented for C-S systems based on any root systems.
Introduction
In a recent paper [1] simple theorems pertaining to the correspondence between quantum and classical dynamics are proved for the general multi-particle quantum mechanical systems with discrete eigenvalues. The theorems relate quantum mechanical eigenvalues and eigenfunctions to the properties of the classical mechanical system at equilibrium. Corresponding to each quantum eigenfunction, a 'classical eigenfunction' is defined whose eigenvalue is given by the 'main part', that is the order part, of the quantum eigenvalue. For the 'elementary excitations' these classical and quantum eigenvalues are nothing but the eigenfrequencies of the normal modes of the small oscillations at equilibrium.
We apply these theorems to the Calogero and Sutherland [2] systems, typical integrable multi-particle dynamics with long range interactions based on root systems [3] . The theorems provide an analytic proof for the interesting observations made by Corrigan-Sasaki [4, 5, 6] concerning the classical and quantum integrability in Calogero and Sutherland systems. Explicit forms of the classical and quantum eigenfunctions for the elementary excitations are presented for the Calogero and Sutherland systems based on any root systems. These exemplify another aspect of the close relationship between the classical and quantum integrability in Calogero and Sutherland systems. This paper is organised as follows. In section two, basic formulation of multi-particle quantum mechanics in terms of the prepotential [7, 8] is briefly reviewed. After the reformulation of the quantum mechanical wavefunctions at equilibrium, the main theorem of the Loris-Sasaki paper [1] is recapitulated. In section three the basic concepts of the Calogero and Sutherland systems are summarised. Section four and five are the main part of this paper, presenting the classical and quantum eigenfunctions of the Calogero systems (section four) and Sutherland systems (section five). The final section is for summary and comments.
Basic Quantum Mechanics
Let us start with a basic formulation of multi-particle quantum mechanical system in terms of a prepotential [7, 8] and later we will discuss its relationship with the corresponding classical ( → 0) dynamics. The dynamical variables are the coordinates {q j | j = 1, . . . , r} and their canonically conjugate momenta {p j | j = 1, . . . , r}, subject to the Heisenberg commutation relations or the Poisson bracket relations:
We will adopt the standard vector notation in R r : q = (q 1 , . . . , q r ), p = (p 1 , . . . , p r ), q 2 ≡ in which r is the number of particles. In quantum theory, the momentum operator p j acts as a differential operator:
Throughout this paper we discuss the standard Hamiltonian system H = 1 2 p 2 + V (q), (2.2) in which we have assumed for simplicity that all the particles have the same mass, which is rescaled to unity. Let us start with mild assumptions that the system has a unique and square integrable ground state ψ 0 :
and that it has a finite (or an infinite) number of discrete eigenvalues:
Here we adopt the convention that the ground state energy is vanishing, by adjusting the constant part of the potential V , see below.
Since the above time-independent Schrödinger equation is real for a self-adjoint Hamiltonian and that the ground state has no node we express the ground state eigenfunction as ψ 0 (q) = e 1 W (q) , (2.5) in which a real function W = W (q) is called a prepotential [7, 8] . By simple differentiation of (2.5), we obtain In other words, we can express the potential (plus the ground state energy) in terms of the prepotential [4, 7, 8] 
Equilibrium position and frequencies of small oscillations
Now let us consider the equilibrium point of the classical potential V C (2.9). The classical Hamiltonian H C = p 2 /2 + V C has a stationary solution at the classical equilibrium point, p = 0, q =q. There could be, in general, many stationary points of the classical potential V C , among which we will focus on the 'maximum' pointq of the ground state wavefunction
By expanding the classical potential V C aroundq (2.10), we obtain
since V C (q) = 0, (2.9). Thus the eigen (angular) frequencies ((frequency) 2 ) of small oscillations near the classical equilibrium are given as the eigenvalues of the Hessian matrix W ( V C ):
Classical Limit of Quantum Eigenfunctions
Let us express the discrete eigenfunctions in product forms 13) in which φ n obeys a simplified equation with the similarity transformed HamiltonianĤ [7, 8] :
14) 15) in which △ is the Laplacian and a linear differential operatorÂ is defined for any smooth function ϕ(q) as:
Here we adjust the normalisation of the eigenfunctions {φ n } so that the corresponding "classical " eigenfunctions {ϕ n } are finite (non-vanishing) in the limit → 0:
By taking the classical limit ( → 0) of (2.14) and considering (2.4), (2.15), we arrive at an 'eigenvalue equation' for the "classical " wavefunctionŝ 18) in which the operatorÂ is defined above (2.16). Conversely one could start with the above eigenvalue equation. One defines the classical eigenfunctions as its solutions satisfying certain regularity conditions. Then the quantum eigenfunction φ n could be considered as andeformation of the classical eigenfunction ϕ n . For the Calogero and Sutherland systems to be discussed below, there is a one-to-one correspondence between the classical and quantum eigenfunctions. For generic multi-particle quantum mechanical systems, the situation is less clear.
Theorems
The classical eigenfunctions have the following remarkable properties:
The product of two classical eigenfunctions (ϕ n , E n ) and (ϕ m , E m ) is again a classical eigenfunction with the eigenvalue E n + E m ,
Proposition 2.2 The classical eigenfunctions vanish at the equilibriumq
The derivatives of a classical eigenfunction at the equilibriumq form an eigenvector of the Hessian matrix W , iff ∇ϕ n |q = 0
Obviously the Hessian matrix W has at most r different eigenvalues and eigenvectors.
The classical eigenfunctions {(ϕ j , E j )}, j = 1, . . . , r for which ∇ϕ j |q = 0 will be called "elementary excitations". At equilibrium, each corresponds to the normal coordinate of the small oscillations with the eigen (angular) frequency E j . The elementary excitations are the generators of all the classical eigenfunctions. In other words, any classical eigenfunction can be expressed as These results provide a basis of the analytical proof of the observations made in CorriganSasaki paper [4] on the correspondence/contrast between the classical and quantum integrability in Calogero-Moser systems. It should be mentioned that Perelomov's recent work [6] asserts essentially our Proposition 2.3 for the special cases of the quantum-classical eigenvalue correspondence of the Sutherland systems.
Throughout this section we have assumed that the prepotential W is independent of the Planck's constant , for simplicity of the presentation. The main content of this section is valid even if W depends on , so long as lim →0 W = W 0 is well-defined. A celebrated example that lim →0 W diverges is the hydrogen atom, for which the classical equilibrium does not exist. In this case the quantum-classical correspondence does not make sense and the present formulation does not apply.
In the subsequent sections we will show many explicit examples of the classical and quantum eigenfunctions and their relationship.
Root Systems and Calogero-Moser Dynamics
A Calogero-Moser system is a multi-particle Hamiltonian dynamics associated with a root system ∆ of rank r. This is a set of vectors in R r invariant under reflections in the hyperplane perpendicular to each vector in ∆:
The set of reflections {s α , α ∈ ∆} generates a finite reflection group G ∆ , known as a Coxeter 2) in which W R is the prepotential of the theory without the harmonic confining potential and
In these formulae, ∆ + is the set of positive roots and g ρ are real positive coupling constants which are defined on orbits of the corresponding Coxeter group, i.e. they are identical for roots in the same orbit. For crystallographic root systems there is one coupling constant g ρ = g for all roots in simply-laced models, and there are two independent coupling constants, g ρ = g L for long roots and g ρ = g S for short roots in non-simply laced models. We will give the explicit forms of W in later sections. Throughout this paper we put the scale factor in the trigonometric functions to unity for simplicity; instead of the general form a 2 / sin 2 a(ρ·q),
we use 1/ sin 2 (ρ · q). We also adopt the convention that long roots have squared length two, ρ 2 L = 2, unless otherwise stated. These prepotentials determine the potentials:
The Sutherland systems are integrable, both at the classical and quantum levels, for the crystallographic root systems, that is those associated with simple Lie algebras: 
which is the symmetry of the entire Calogero-Moser systems. This results in the fact that the ground state ψ 0 and all the other eigenfunctions are are Coxeter (Weyl) invariant [8] :
The quantum Calogero and Sutherland systems are not only integrable but also exactly solvable [8] , that is, the similarity transformed Hamiltonians (2.15) are lower triangular in certain basis of the Hilbert space. The eigenvalues can be read off easily from the diagonal matrix elements ofĤ. The exact eigenvalues of the excited states in the Calogero system are an integer multiple of the oscillator quantum ω :
Here n = (n 1 , . . . , n r ) are non-negative quantum numbers and f j = 1 + e j and the integers {e j }, j = 1, . . . , r are called the exponents of the root system ∆: The coupling constant(s) g ρ of the rational 1/q 2 potentials shifts only the ground state energy E 0 in (3.4):
in which the first term is the zero-point energy of the oscillators. For a given non-negative integer N, let P(N) be the number of different solutions of
Then the energy eigenvalue E = ω N + E 0 has the degeneracy P(N).
The exact eigenvalues of the excited states in the Sutherland [8, 10] system are specified by the dominant highest weight λ n :
Here n = (n 1 , . . . , n r ) are non-negative quantum numbers, λ j , j = 1, . . . , r are the fundamental weights and δ and ̺ are called the Weyl vector and a deformed Weyl vector . The ground state energy E 0 in (3.4) is solely determined by ̺:
For the general discussion of quantum Calogero and Sutherland systems for any root system along the present line of arguments, the quantum integrability, Lax pairs, quantum eigenfunctions, creation-annihilation operators etc, we refer to [8] . A rather different approach by Heckman and Opdam [10] to Calogero-Moser models with degenerate potentials based on any root system should also be mentioned in this connection. The eigenfunctions of the Sutherland systems are sometimes called Heckman-Opdam's Jacobi polynomials. Those for the A series are known as the Jack polynomials [11] .
In the following two sections, we will show the classical and quantum eigenfunctions of the elementary excitations in Calogero systems (section 4) and in Sutherland systems (section 5). For brevity and clarity of the presentation, we present the eigenfunctions of the 'reduced theory' in which most of the coupling constants are put to unity. To be more precise, for simply-laced theories (A, D, E, H and I 2 (odd)) we put the coupling constant unity, g = 1.
For non simply-laced theories (B, C, F 4 , G 2 and I 2 (even)) we put the coupling constant for long roots unity g L = 1 and keep the coupling constant for short roots intact, g S = γ. The angular frequency of the harmonic confining potential is also put to unity, ω = 1.
Let us introduce elementary symmetric polynomials as useful ingredients for expressing the eigenfunctions. The degree k elementary symmetric polynomial in r variables,
is defined by the expansion of a generating function
Classical & Quantum Eigenfunctions of the Calogero Systems
The basis of the quantum eigenfunctions {φ n } of the Calogero system is the Coxeter (Weyl) invariant polynomials in the coordinates {q j }. In order to express the eigenfunctions in a closed form, let us introduce the similarity transformed HamiltonianĤ R without the harmonic confining potential :
in which D is the Euler derivative measuring the degree of a monomial. The Hamiltonian H R maps a Coxeter invariant polynomial to another with degree two less
which implies for an arbitrary parameter κ ∈ C
The lower triangularity of the HamiltonianĤ R means that the exponential operator contains only finite powers ofĤ R , up to [N/2], when applied to a Coxeter invariant polynomial of degree N. By multiplying ω on both sides and choosing κ = 1/2ω , we obtain
Thus we arrive at a formula of an eigenfunction ofĤ with the eigenvalue ω N (N being a non-negative integer), starting from an arbitrary homogeneous Coxeter invariant polynomial Φ N (q) of degree N:
A similar formula was derived in [12] for the theories based on the A-series of root systems.
There are P(N) (3.9) linearly independent Coxeter invariant homogeneous polynomials, which is equal to the degeneracy of the eigenspace of E = ω N. Among them there are special eigenfunctions which are linear combinations of the Coxeter invariant homogeneous polynomials such that they are annihilated byĤ R :
The number of homogeneous eigenfunctions is P(N) − P(N − 2), which is much less than the total dimensionality of the eigenspace, P(N).
The simplest class of quantum eigenfunctions depends only on q 2 = j q 2 j , (2.1):
we obtain the associated Laguerre polynomial in x as the quantum eigenfunction
This class of universal eigenfunctions is known from the early days of Calogero systems [13, 8] . It is easy to verify Proposition 2.2 and 2.3 for this eigenfunction, since the classical 10) in which ωq 2 = ρ∈∆ + g ρ [4] .
The classical counterpart of the above general result (4.5), (4.6) is simply obtained as
Since the operatorÂ R (Â) satisfies the Leibnitz 
A-Series
Calogero and collaborators discussed the classical equilibrium problem of the A r Calogero system about quarter of a century ago [14, 15, 16, 3] . A modern version in terms of the prepotential was developed by Corrigan-Sasaki [4] . Following the usual convention we embed the root vectors in R r+1 as:
14)
The prepotential for the full and reduced theory read
We discuss the reduced theory for simplicity and brevity. The equations (2.10) determining the maximum of the ground state wavefunction ψ 0 read
These determine {q j }, j = 1, . . . , r + 1 to be the zeros of the Hermite polynomial H r+1 (x) [14, 18, 4] ,
The Hessian − W has eigenvalues {1, 2, . . . , r+1}, which are exactly the quantum eigenvalues (divided by ω ) of the elementary excitations listed in Table I . (The lowest eigenvalue 1 belongs to the center of mass degree of freedom which is completely decoupled from the other modes.)
Here are our new results on the classical and quantum eigenfunctions. The k-th eigenvector of W has a simple form [5] 
in which P k (x) is a polynomial of degree k of a single variable. They obey the following three term recursion relation:
The orthogonality relations of the eigenvectors {v k } read simply as
These are 'orthogonal polynomials of a discrete variable' [18, 19] . In the present case, the discrete variable is obviously the zeros of the Hermite polynomial.
A simple representation of the elementary excitations is provided by the elementary symmetric polynomials in {q j }, S k ({q j }), k = 0, 1, . . . , r + 1 (3.14) which are obviously Weyl invariant. By applying the operatorÂ R (4.2) on the generating function (3.14) 20) and noting
, we obtain
through partial fraction decomposition. This leads tô
We obtain the classical eigenfunctions for the elementary excitations:
Since ϕ k are harmonic polynomials
they are at the same time quantum eigenfunctions:
With some calculation one can verify Propositions 2.2-2.3, that is ϕ k (q) = 0 and its derivative gives the above function
The polynomial P k (x) of degree k (with 0 ≤ k ≤ r) cannot vanish in all the r + 1 pointsq j (with 1 ≤ j ≤ r + 1). Hence ∇ϕ k (q) = 0 and it follows that ϕ k (q) is indeed an elementary excitation. As we now know that the expressions (4.17) are eigenvectors corresponding to different eigenvalues of the matrix −W , it follows that the P k (x) are orthogonal polynomials of a discrete variable. Hence they obey a three term recurrence relation of type
The coefficients of this recurrence are obtained from the
B-Series
Let us note that the rational C r and BC r systems are identical with the B r system. The root vectors of B r are expressed neatly in terms of an orthonormal basis of R r as:
(4.28)
We discuss the reduced theory. Assumingq j = 0, the equations (2.10) determining the maximum of the ground state wavefunction ψ 0 read Table I .
The new results on the classical and quantum eigenfunctions are as follows. The k-th eigenvector of W has a simple form (4.30) in which the polynomials {P k (x)} obey the following three term recursion relation:
The orthogonality relations of the eigenvectors {v k } again correspond to those of orthogonal polynomials of a discrete variable: By applying the operatorÂ R (4.2) and the Laplacian △ on the generating function (3.14)
For the former formula, as in the A-series case, the partial fraction decomposition is used.
These meanÂ
from which we obtain the classical eigenfunctions for the elementary excitations:
The corresponding quantum eigenfunctions have very similar forms, since the action of − /2△ +Â on S k (4.35), (4.36) is the same as that ofÂ with γ replaced by γ + /2:
The correspondence between the (classical) eigenfunctions (4.37), (4.38) and the classical eigenvectors (4.30) (and (4.31), (4.32)) is established in an identical manner as in the Acase.
D-Series
The root vectors of D r are:
We discuss the reduced theory. The equilibrium positionq 2 j are the zeros of the Laguerre polynomial L −1 r (x), that is one of {q j }'s is vanishing [4] . Let us chooseq 1 = 0. The Hessian − W has eigenvalues {2, 4, 6, . . . , 2(r − 1), r}, which are exactly the quantum eigenvalues (divided by ω ) of the elementary excitations listed in Table I . The k-th eigenvector of W has a simple form
in which the polynomials {P k (x)} obey the following three term recursion relation: 
E-Series
For the E-series of root systems we consider only the reduced theory, that is ω = g = 1. The roots are normalised ρ 2 = 2, for all root systems E 6 , E 7 and E 8 .
E 6
The generating function is defined in terms of the weights belonging to the 27 dimensional representation:
These are minimal weights having the properties ρ · µ = ±1, 0 for ∀ρ ∈ E 6 and
By applying the operatorÂ R (4.2) and using the above properties of the weight vectors, we
or in terms of the S k ,Â
Some lower members of S k , which depend on {q 1 , . . . , q 6 } are
The elementary excitations are for N =2, 5, 6, 8, 9, 12, (see Table I ) for which {S N }'s are functionally independent. The corresponding quantum eigenfunctions are:
52)
53) It should be noted that S 5 is a classical and quantum eigenfunction. The twelfth eigenfunction φ 12 is chosen to be a homogeneous one.
E 7
The generating function is defined in terms of the weights belonging to the 56 dimensional representation:
These are minimal weights having the properties ρ · µ = ±1, 0 for ∀ρ ∈ E 7 and
Moreover 56 is even, i.e. if µ ∈ 56 then −µ ∈ 56. This is why the odd order terms in x vanish in (4.59). By applying the operatorÂ R (4.2) and using the above properties of the weight vectors, we obtainÂ
or in terms of the S 2k ,Â
Some lower members of S 2k (q 1 , . . . , q 7 ) are
The elementary excitations are for N =2, 6, 8, 10, 12, 14, 18, (see Table I ) for which {S N }'s are again functionally independent. The lower members of the corresponding quantum eigenfunctions are: 
E 8
We have not succeeded in deriving an equation for a generating function similar to (4.21), (4.34), (4.49), (4.61). We start from a Weyl invariant power sum basis in terms of roots 
F 4
The long roots of F 4 are the roots of D 4
and the short roots are the union of vector, spinor and anti-spinor weights of D 4 :
We will consider a reduced theory in which ω = g L = 1 and the short root coupling is denoted by g S = γ:
Let us introduce the elementary symmetric polynomials in {q Table I ) polynomials [17] :
The quantum eigenfunctions for the elementary excitations are:
76)
77) If we introduce the two-dimensional polar coordinates system 3 for q, q = r(sin θ, cos θ), the two Coxeter invariant polynomial variables read
The essential part of the quantum eigenfunctions are a Laguerre polynomial in r 2 , (4.9) times a Jacobi polynomial in z = cos mθ, thus the separation of variables is achieved.
As above, let us consider the reduced theory, ω = g = 1 for odd m and ω = g o = 1 and g e = γ for even m. We have
Thus Φ m is a classical and quantum eigenfunction for odd m. For even m we have
which can be expressed as the Jacobi polynomial of degree one [8] . The classical equilibrium point is
for odd and even m, respectively. Verification of Proposition 2.2 is straightforward.
H-Series
The non-crystallographic Coxeter groups of H 3 and H 4 are the symmetry groups of the icosahedron and four-dimensional 600-cell, respectively. The former consists of 30 roots and the latter 120. Let us start from Coxeter invariant power sum bases in terms of roots The quantum eigenfunctions of the elementary excitations in H 3 are:
89) Some of the quantum eigenfunctions of the elementary excitations in H 4 are:
92)
The other two eigenfunctions are too lengthy to be reported.
Classical & Quantum Eigenfunctions of the Sutherland Systems
As shown in §3 the eigenstates of the Sutherland system are specified by dominant highest weight λ n . The basis of the classical and quantum eigenfunctions are thus the sum of the exponentials of 2iµ · q taken for the entire Weyl orbit of λ n , W · λ n , which we denote as
As usual, if the multiplicity n j is vanishing n j = 0, it is not written. For example, the basis corresponding to the fundamental weights λ 1 , . . . , λ r are Ψ 1 , Ψ 2 ,. . . , Ψ r :
The operatorÂ is lower triangular and the Laplacian [8, 20] is diagonal in this basis:
As shown below there is a marked difference in the forms of the eigenfunctions between the classical (A, B, C and D) and the exceptional (E, F 4 and G 2 ) root systems. The elementary excitations of the A-series Sutherland system can have the same classical and quantum eigenfunctions as in the Calogero case.
A-Series
The classical equilibrium of the A r Sutherland system is rather trivial [15, 16] . The prepotential for the full and reduced theory read
The equations (2.10) determining the maximum of the ground state wavefunction ψ 0 read
which are satisfied by the equally-spaced configurationq j = (2j − (r + 2))π/2(r + 1). The
Hessian − W has eigenvalues 2 {r, (r − 1)2, . . . , (r + 1 − k)k, . . . , 2(r − 1), r}, which can be expressed as {4δ · λ 1 , . . . , 4δ · λ k , . . . , 4δ · λ r } with δ defined in (3.12) . In these formulas the trivial eigenvalue 0, coming from the translational invariance, is removed. The k-th eigenvector of W is simply v k = (e 2ikq 1 , . . . , e 2ikq r+1 ). The orthogonality condition of the
Let us introduce a generating function
It is easy to see that the symmetric polynomial S k is equal to the basis Ψ k (5.2) up to a term proportional to the "center of mass" q 1 + · · · + q r+1 which is orthogonal to all the A r roots. The generating function G satisfieŝ
which translate intoÂ
is a classical and quantum eigenfunction of the k-th elementary excitation with eigenvalues 2k(r + 1 − k) and 2k (r + 1 − k + ) ofÂ (2.16) andĤ (2.15), respectively. The absence of quantum corrections is a general property shared by eigenfunctions belonging to minimal weights [8] . All the fundamental representations of the A-series root systems are minimal.
B-and C-Series
Since the B and C root systems are closely related, B ↔ C for α ↔ α ∨ = 2α/α 2 , many formulas for the eigenfunctions etc take similar forms. It is advantageous to write these expressions in parallel so that the similarity and differences can be well appreciated. The 12) forx j = cos 2q j . They determine {x j } as the zeros of Jacobi polynomials [4] :
Because of the identity
the (B) case always has one zero atx = −1. Let us choosex r = −1 ⇔q r = π/2. The
Hessian − W has eigenvalues
, (5.14) in which the last one of the B-series belongs to the spinor representation (λ r ). The k-th eigenvector of W has a form
, (5.16) in which the polynomials {P k } of a single variable x obey the three term recursion relations: 18) for the B-series and 20) for the C-series. The orthogonality conditions for these discrete variable polynomials are
with {x j } being the zeros of a Jacobi polynomial.
It is easy to see that the symmetric polynomial S k is proportional to the basis Ψ k (5.2): The generating function satisfieŝ These mean in turn
, (5.29)
30) The quantum eigenfunctions for the elementary excitations are:
2(2r − 2k + + γ)(2r − 2k + + γ + 1) S k−2 + . . . , k = 1, . . . , r − 1, 
The corresponding eigenvalues are: 
D-Series
The The polynomials {P k } of a single variable x obey simple three term recursion relations:
The generating function has the same form as in the B, C cases:
It is easy to see that the symmetric polynomial S k is proportional to the basis Ψ k (5.2) and that the two additional bases are:
These imply for S k :
47)
Thus we arrive at the quantum eigenfunctions corresponding to the elementary excitations: 
E-Series
For the Sutherland systems based on exceptional root systems, E, F and G, the method of the generating functions seems not so useful as in the classical root systems cases, because of the 'exceptional' character. The equilibrium points of the potentials are not related to known classical polynomials in contrast to the cases discussed above. New polynomials describing the equilibria were introduced by Odake and Sasaki [4] . Here we will construct the eigenfunctions corresponding to the fundamental weights (elementary excitations) starting from the basis Ψ 1 , . . . , Ψ r (5.2). There is no universally accepted way of naming the simple roots and fundamental weights of the exceptional root systems. We show our conventions in terms of the Dynkin diagrams.
E 6
The symmetry of the Dynkin diagram is reflected in the structure of the eigenvalues and 4/3 : the 'height' of the highest root, that is λ 2 in the present case [8] . The longer the dominant weight λ 2 n becomes, the more complicated structure has the corresponding eigenfunction. These are common features of all the eigenfunctions of the Sutherland systems.
E 7
The spectra of the Hessian − W and the correspondingĤ are: 
2 : For the E 8 eigenfunctions, we will present the classical ones simply because of the lack of space.
E 8
The spectra of the Hessian − W and the correspondingĤ in the order of λ 1 , . . . , λ 8 are: 
